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A property of the intersection multigraph of a hypergraph is displayed. This 
property is then used to obtain an equality connecting the order of the hyper- 
graph, the sizes of its edges and the number of edges of its intersection multi- 
graph. At the end a generalization by Las Vergnas of a result of Lovasz is 
given another proof. 
For those definitions concerning hypergraphs which do not appear in 
this paper, the reader is referred to [I]. Let H = (X, 8) be a hypergraph, 
X the set of its vertices, d the set of its edges. We shall write edge when 
referring to a hypergraph and line when dealing with an ordinary 
graph. A cycle in H is an alternating sequence of vertices and edges 
x, , El > xz , Ez ,..., E, , x*+1 , q > 1, where all the vertices xi and all the 
edges Ej are distinct except for xq+r = x1 and such that each vertex of 
the sequence belongs to its neighbouring edges. If q > 2, the cycle is 
called significant. 
Consider a multigraph G = (8, X), where x(Ei , Ei) is a line between 
Ei and Ej if x E Ei n Ej . Each line of G may thus be regarded as labeled 
by the element of X it is associated with. We may term G the intersection 
multigraph of H, or shortly, the IM-graph of H. It is quite clear that H 
and its ZM-graph have the same number of connected components. A 
multzyorest is a multigraph without significant cycles. A multitree is a 
connected multiforest. A maximal spanning multiforest (multitree) of 
a multigraph is a spanning multiforest (multitree) of that graph having 
a maximal number of lines. 
In this paper we wish to establish a result about the ZM-graph G of a 
hypergraph H without significant cycles. This result will lead to an equality 
relating the order (number of vertices) of H, the sizes of its edges, and the 
number of lines of a maximal spanning multiforest of G. 
ForxEXdefineb,={E:xEE,EE&}. 
THEOREM 1. Let H(X, b) be a hypergraph without significant cycles 
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and let G be its IM-graph. Let further T = (8, L) be a maximal spanning 
multiforest of G. Then for every x E X the subgraph g(x) of T induced by 
C, is connected. 
Proof. Suppose not. Let g, , g, be distinct components of g(x). The 
subgraph of G induced by B, is clearly connected, and so g, and g, are 
contained in the same component of T. Let d(g, , gz) denote the length 
of a shortest path in T connecting a vertex of g, with a vertex of g, . 
Let E,, , E,, be vertices of g, , g, respectively such that d(E,, , E*) = 
d(g, , gz) = h in T. Suppose h = 1. Then E, and El are adjacent in T 
but not in g(x), which is impossible since g(x) is an induced subgraph 
of T. We may now assume that we have arrived at a contradiction when- 
ever d( g, , gJ -K h. Suppose that d(g, , gJ = h, and let E, , El ,..., Eh be 
the vertices in order along a shortest path in T from g, to g, . (Recall 
that these vertices of T are edges of the original hypergraph 2X) By 
hypothesis we have Ed-l n Ei # M for 1 < i < h and x +! l-l;:: Ei . 
LetyEE,,nE,.Thensincex$E,,wehavey#x. 
Case 1. Eh n Ehel # { y}. We contruct a significant cycle 
x, 41, Y, Ei,, ~1, 4, ,..., Ei,, z, , &, x (1) 
as follows: Put il = max{j: j < h - 1 and y E Ej}. Having chosen 
* 11 ,-**, 1, , if i, = h stop, otherwise choose z, E Ei, n Ei,+l (clearly 
zs $ {x, Y, Zl ,*-*, z,-A) and put is+l = max( j: j < h and z, E Ej>. Clearly 
(1) is then a significant cycle, a contradiction. 
Case 2. EhW1 n Eh = {y}. Then E,, n E,, 3 (x, y}. Since (EhTl , Eh) 
is a simple line in T we remove it and replace it by two lines labeled x 
and y between E,, and E,, . The graph so obtained from T is still a spanning 
multiforest but it has more lines than the original T, a contradiction to 
the maximality assumption. It follows that d(g, , gz) = 0 which proves 
the theorem. 
Let T = (V, U) be a multitree and let v be an arbitrary vertex of T. 
Let R,(v) = {v}, let R,(v) denote the set of vertices adjacent to v and in 
general let R,(v) denote the set of vertices of T whose distance from v 
is t. Further define r,(v) = {u E U: the endvertices of u are vertices of R, 
and R,,,} for s > 0. We have thus defined the point-spheres and the line- 
spheres of T relative to v. 
THEOREM 2. Under the hypotheses of Theorem 1 the following equality 
holds: 
IXI+ ILI =C(EWlEEl. (2) 
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Proof. If (2) holds for each connected component of H, it clearly holds 
for the whole of H. So we shall assume that H, and hence T, is connected. 
Choose an arbitrary vertex of T. Denote it by EO Let all the spheres in T 
be related to E, . Let t be a nonnegative integer. Define 
We show 
I Rt* I = I R,*_, I + c (E E 4) I E I - I rt-I I. (3) 
Let x E E for some EG Rt . If x E R,*_, , then, because of Theorem 1 
and the maximality of T, for every E E Rt for which x E E there is a line 
labeled x in rtPl so that the contribution of x to the last two terms of (3) 
is nil. If x .$ R:, , then this means that x appears in some E of Rt for the 
first time. Moreover, by Theorem 1 again, the vertices in {E: x E E} induce 
a connected subgraph of T, and hence overlap at most one component of 
T\@Z: Ri (since x # E if E E lJ:Ii R*). Since each component of T\&i Ri 
contains at most one vertex of Rt , it follows that x E E for exactly one E 
in Rt, so that x makes a contribution of one to the RHS of (3). This 
completes the proof of (3). 
Since (3) holds for every t and R,* = R, and Rt = X for some to, 
we have 
1 X 1 = 1 R,* I + 5 (E E R,) I E 1 - ‘5’ 1 ri 1 = c (E E 8) I E I - / L I. 
t-1 i=l 
This is (2). Theorem 2 is thus proved. 
In [3] the following generalization of a result of Lovzisz [4] was 
established. 
THEOREM (Las Vergnas). Let there be a hypergraph of order n without 
significant cycles, consisting of p connected components, m edges 
El , 4 ,..., E, , and such that two distinct edges have at most k vertices in 
common. Then the following inequality holds. 
(4) 
Another proof of this result appeared in [2]. Theorem 2 admits the 
following simple proof of the result of Las Vergnas. 
Let H be a hypergraph consisting of p components with G its O&graph. 
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Let the components of G be of orders m, , m2 ,..., m, . Let T be a maximal 
spanning multiforest of G. Theorem 2 then states that 
~(~-w~I=~+lLI. (5) 
Since T is a multiforest, we have 
I L I < i (3 - 1) k = (m - p) k. 
a-1 
(5) and (6) together imply (4) which is the theorem. 
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